BUBBLE CONCENTRATION ON SPHERES FOR SUPERCRITICAL ELLIPTIC 

PROBLEMS 



FILOMENA PACELLA AND ANGELA PISTOIA 

Abstract. We consider the supercritical Lane-Emden problem 

(P s ) - Av = \v\ Pc ' 1 v in A, u = 0ondA 

where A is an annulus in R 2m , m > 2 and p e = \ m+1 ^ +2 „ — e, e > 0. 

We prove the existence of positive and sign changing solutions of (P £ ) concentrating and blowing-up, as 
e — > 0, on (m — 1)— dimensional spheres. Using a reduction method ([18, 14]) we transform problem (P e ) 
into a nonhomogeneous problem in an annulus V C R m+1 which can be solved by a Ljapunov-Schmidt 
finite dimensional reduction. 



1. Introduction 

In this paper we address the question of finding solutions concentrated on manifolds of positive dimen- 
sion of supercritical elliptic problems of the type 

- Av = |v| p_1 u in A, u = on dA, (1) 
where A := {y € K d : a < \y\ < b}, a > 0, is an annulus in M d , d > 2 and p > is a supercritical 
exponent. 

We remark that the critical and supercritical Lane-Emden problems are very delicate due to topological 
and geometrical obstruction enlightened by the Pohozaev's identity ([16]). We also point out that in 
the supercritical case a result of Bahri-Coron type ([2]) cannot hold in general nontrivially topological 
domains as shown by a nonexistence result of Passaseo ([15]), obtained exploiting critical exponents in 
lower dimensions. Using similar ideas, some results for exponents p which are subcritical in dimension 
n < d and instead supercritical in dimension d have been obtained in different kind of domains in 
[1, 4, 6, 8, 9, 10, 11, 13]. 

Here we consider annuli in even dimension d = 2m, m > 2 and obtain results about the existence 
of solutions, both positive and sign changing, of different type, concentrated on (m — 1)— dimensional 
spheres. More precisely, we have 

Theorem 1.1. [Case of positive solutions] Let A C M 2m , m > 2 and define (dA) a '■= {y £ dA : \y\ = a} . 

There exists eo > such that for any e € (0, eo), the following supercritical problem 

- Av = |t>| Pe_1 w in A, u = on dA, (2) 

with p £ = ^+*j+ 2 - £ has: 
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i) a positive solution v £ which concentrates and blows-up on a [m—X) — dimensional sphere T C (dA) a 
as e — > 0, 

ii) a positive solution v e which concentrates and blows-up on two (m — 1) — dimensional orthogonal 
spheres Ti C (dA) a and T2 C (dA) a as e — > 0, 

Theorem 1.2. [Case of sign changing solutions] Let A C M. 2m , m > 2 and define (dA) a '■= {y £ dA : \y\ = a} . 
There exists eg > such that for any e € (0, eo), the supercritical problem (2) with p £ = ?~q^fyz| — £ has: 

i) a sign changing solution v £ such thatvf andv~ concentrate and blow-up on two (m— 1) — dimensional 
orthogonal spheres T+ C (dA) a and T_ C (dA) a , respectively, as e — > 0, 

ii) a sign changing solution v e such that u+ and v~ concentrate and blow-up on the same (m — 
1) — dimensional sphere T C (dA) a , as s — > 0, 

iii) two sign changing solutions v]. and v 2 each one is such that (v l e ) + and (v % £ )~ concentrate and 
blow -up on two {rn — 1) — dimensional orthogonal spheres (r^)_|_ d {dA^ja and CZ (dA)a? 
respectively, as e — > 0, i = 1, 2. 

We remark that the exponent fe^jjjtjj — £ which is almost critical in dimension (to + 1) is obviously 
supercritical for problem (2). 

To prove our results we use the reduction method introduced in [14] which allows to transform sym- 
metric solutions to (2) into symmetric solutions of a similar nonhomogeneous problem in an annulus 
V C R m+1 . This method was inspired by the paper [18] where a reduction approach was used to pass 
from a singularly perturbed problem in an annulus in M 4 to a singularly perturbed problem in an annulus 
in M 3 . 

More precisely let us consider the annulus V C R m+1 V := {x G R m+1 : a 2 /2 < \y\ < b 2 /2}, and, 
write a point y € R 2m as y = (2/1,2/2)) yi £ W 1 , i = 1,2. Then we consider functions v in A C R 2m 
which are radially symmetric in y\ and 2/2, i.e. v (y) = w(\y±\, I2/2I) and functions u in T> C M m+1 which 

are radially symmetric about the x m+ i— axis, i.e. u(x) = h(\x\,(p) with (p = arccos (j^f — ) where 

e m+1 = (0, . . . , 0, 1). We also set 

X = {u€ C 2 ' a (A) : v is radially symmetric} 

Y = {n € C 2 ' a (D) : u is axially symmetric} . 
Then, as corollary of Theorem 1.1 of [14] we have 

Proposition 1.3. There is a bijective correspondence h between solutions v of (2) in X and solutions 
u = h(v) in Y of the following reduced problem 

-AM=— r y P£ ~ 1 « inVcM m+l , u = ondV. (3) 
2\x\ 

As a consequence of this result we can obtain solutions of problem (2) by constructing axially symmetric 
solutions of the lower-dimensional problem (3). This has the immediate advantage of transforming the 
supercritical problem (2) into the subcritical problem (3) if the exponent p £ is taken as (ra+i)-2 ~ £ " I n deed 
we will prove Theorem 1.1 and Theorem 1.2 by constructing axially symmetric solutions of (2.3), positive 
or sign changing, which blow-up and concentrate in points of the annulus T> C M m+1 . These solutions will 
give rise to solutions of (2) concentrating on (to — 1)— dimensional spheres, because, as a consequence of 
the proof of Theorem 1.1 of [14] and of Remark 3.1 of [14] it holds 
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Proposition 1.4. If u £ is an axially symmetric solution of (2) concentrating, as e — > 0, on a point £ 
which belongs to the i.e. £ = (0, . . . ,0, t) for t 6 R\ {0}, then the corresponding solution 

v £ = /i _1 (n e ) concentrates on a (m — 1) — dimensional sphere in R 2m . 

This is because, by symmetry considerations and by the change of variable performed in [14] to prove 
Theorem 1.1 any point £ on the X( m _|_i)— axis in T> C BL m+1 is mapped into a (m — 1)— dimensional sphere 
in A C R 2m . We refer to [14] for all details. 

Thus let := {x £ M. n : 1 < |x| < r} be an annulus in W 1 , n > 3, and consider the problem 

- An = -^—\u\ p - l - e u in ft, u = on dfl, (4) 
2 \x\ 

n — 2 

where p = and e is a small positive parameter. Let Us^(x) := a n j^ — , s ~^ 2 \n-'i with 5 > and 

n — 2 

x,£ E ]R n , be the solutions to the critical problem —Au = u p in R n . Here a n := [n(n — 2)]^^. We have 

Theorem 1.5. There exists eq > such that, for each e £ (0, eo), problem (4) /ias 

(i) an axially symmetric positive solution u e with one simple positive blow-up point which converge to 
£o as e goes to zero, i.e. 

u t (x) = U Se ^(x) +o(l) inHl(ti), 

with 

e~^5 £ ^d>0, Ce^Co; 

(ii) an axially symmetric positive solution u e with two simple positive blow-up points which converge 
to £o and — £o as e goes to zero, i.e. 

u e (x) = U Se £ e (x) + U St -£ e (x) + o(l), 

with 

(hi) an axially symmetric sign-changing solutions solution u e with one simple positive and one simple 
negative blow-up points which converge to £o an d ~ Co as e 9 oes t° zero, i.e. 

U £ (x) = U 5e £ e {x) ~ U Se -£ £ (x) + o(l), 

with 

(iv) an axially symmetric sign-changing solutions solution u e with one double nodal blow-up point which 
converge to £o ols e goes to zero, i.e. 

u t (x) = U 5leAu {x) - Us 2t £ 2t {x) + o(l), 

with 

e~^5 ie > 0, & e -> Co 

fori = 1,2. 
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(v) two axially symmetric sign-changing solutions solution u e with two double nodal blow-up points 
which converge to £o an d — £o as e 9 oes t° zero, i.e. 

u e {x) = [U 5u £ le (x) - U S2e £ 2e (x)] + [U-s u -tu( x ) ~ U -S2 C ,-S2 C ( X )} + 

and 

u e (x) = [U Su £ le (x) - Us 2e £ 2e (x)] - [U- Sle -£ le (x) - U-s 2e -t 2e ( x )] 

with 

n-l 

e »-a 5 ie -> di > 0, Cie ->■ £o 

for i = 1,2. 

Obviously Theorem 1.1 and Theorem 1.2 derive from Theorem 1.5 for n = m + 1 using Proposition 1.3 
and Proposition 1.4. 

The proof of Theorem 1.5 relies on a very well known Ljapunov- Schmidt finite dimensional reduction. 
We omit many details on the finite dimensional reduction because they can be found, up to some minor 
modifications, in the literature. In Section 2 we write the approximate solution, we sketch the proof of 
the Ljapunov- Schmidt procedure and we prove Theorem 1.5. In Section 3 we only compute the expansion 
of the reduced energy, which is crucial in this framework. In the Appendix we recall some well known 
facts. 

2. The Ljapunov-Schmidt procedure 
We equip Hg(fi) with the inner product (u,v) = JVuVvdx and the corresponding norm 

J \Vu\ dx. For r G [l,oo) and u G L r (U) we set = f \u\ r dx. 



lull 2 



n 

2n 



Let us rewrite problem (4) in a different way. Let i* : L™- 2 (f2) — > Hg(f2) be the adjoint operator of the 

2n 

embedding i : H (fi) L«- 2 (S7), i.e. 

i*(u) = v (v,(p) = J u(x)ip(x)dx V (p G Hq(O). 

b 

It is clear that there exists a positive constant c such that 

2n 2n 

\\i(u)\\ < c\\u\\"+ 2 V«6 L™+ 2 (O). 
Setting / E (s) := |s| p_1_e s and using the operator i*, problem (4) turns out to be equivalent to 

1 



u = i 



2x 



fe(u) 



u G Hj(fi). (5) 



,2^2 n-2 

Let L^f := a n with a n := \n(n — 2)1 4 be the positive solutions to the limit problem 

(5 2 + |x-£| 2 )^- 

-Aii = u p in R n . 

Set 



vsA x ) ■- —^T" ~ a n—z—o 2 



^ J -~ 86 ~ n 2 (£2 + | x _ £[2)»/2 
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and for any j = 1, . . . , n 

It is well known that the space spanned by the (n + 1) functions ipg* is the set of the solution to the 
linearized problem 

—Atp = pU p s ~ l 4> in R n . 

We also denote by PW the projection onto Hq(Q) of a function W € D 1,2 (R n ), i.e. 

APW = AW in 0, PW = on 50. 

Set £o := (0, . . . , 0, 1). We look for two different types of solutions to problem (5). The solutions of the 
type (i), (ii) and (iii) of Theorem 1.5 will be of the form 

u £ = PU S £ + XPU^r, + </> (6) 

where A € {—1, 0, +1} (A = in case (i), A = +1 in case (ii) and A = —1 in case (hi)) and the concentration 
parameters are 

n-l 

fi = 5 and 6 := e n - 2 d for some d > (7) 
while the concentration points satisfy 

T} = -£ and £ = (1 + t)£ , with r := et, t > 0. (8) 

On the other hand, the solutions of the type (iv) and (v) of Theorem 1.5 will be of the form 

u e = PU h£l - PU S2 £ 2 + A (PUpw - PU^ m ) + <p, (9) 

where A € {—1,0, +1} (A = in case (iv), A = +1 in the first case (v) and A = — 1 in the second case (v)) 
and the concentration parameters are 

/ii = Si and Si := e n ~ 2 di with di > (10) 

while the concentration points are aligned along the x n — axes and satisfy 

Vi = ~ii an d & = (1 + T «)£o with n := eti, U > 0. (11) 

Next, we introduce the configuration space A where the concentration parameters and the concentration 
points lie. For solutions of type (6) we set d = d € (0, +oo) and t = t S (0, +oo) and so 

A := {(d, t) € (0, +oo) x (0, +oo)} , 

while for solutions of type (9) we set d = (d l5 c^) £ (0, +oo) 2 and t = (ti, t 2 ) £ (0, +oo) 2 and so 

A := {(d,t) G (0,+oo) 4 : h < t 2 }. 

In each of these cases we write 

Vd, t := PU SA + XPU^ or Vd, t := PU Slj$1 - PU 5 ^ 2 + A (PU^ Vl - PU^ m ) . 

The remainder term (j) in both cases (6) and (9) belongs to a suitable space which we now define. 
We introduce the spaces 

K d>t := span{PVi,&> P^,^ '■ «,« = !, 2, j,£ = 0, 1, . . . ,rt} 
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(we agree that if A = then K dt is only generated by the Pipg. £. 's) and 



K. 



d,t 



en x ■ (0,^=0 V^e/f d ,t}, 



where the space T-L\ depends on A G {—1,0, +1} and is defined by 

Tio := {(f) G Hq(O) : (f> is axially symmetric with respect to the x n -axes }, 

H+i := {<fi G Hq : <f>(xi,...,x n ) = (f){x 1 ,...,-x n }, 
H-\ := {4> G Hq : <t>{x 1 ,...,x n ) = -(j){x l ,...,-x n }. 
Then we introduce the orthogonal projection operators IL^t and n^ t in Hq(Q), respectively. 

As usual for this reduction method, the approach to solve problem (4) or (5) will be to find a pair (d, t 
and a function cf) G t such that 

1 



and 



nit Vd, t + - i* 



n d , t Vd, t + <f> - i* 



2\x 
1 

2b 



A(Vd,t + 











(12) 



(13) 



First, we shall find for any (d, t) and for small e, a function <f> G K^ t such that (12) holds. To this aim 
we define a linear operator L d ,t ■ K^t ~~ ^ ^dt by 

L d>t 0:=0-n^* [^(Vd,t)0] • 

Proposition 2.1. For any compact sets C in A there exists £o,c > snc/i i/ioi /or any e G (0, £o) an d 
for any (d, t) G C the operator L d t is invertible and 



\\Ld,tH > c 
Proof. We argue as in Lemma 1.7 of [12]. 

Now, we are in position to solve equation (12). 



□ 



Proposition 2.2. For any compact sets C in A taere exists £o,c, a > snca that for any e G (0, eo) and 
/or any (d, t) G C there exists a unique (j) d t G -fQ|"t snc/i that 



nit ^d,t + <f d , t -i* 



2 s 



/.(Vd^ + ^t) 



0. 



Moreover 



Proof. First, we estimate the rate of the error term 



as 



i2d, t := ni t |vd it - r ^f e (Vd, t ) | 



||^d,t|| *!. =0 £3+^ 

n+2 
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for some a > 0. We argue as in Appendix B of [1] using estimates of Section 3. Then we argue exactly as 
in Proposition 2.3 of [5]. □ 



Now, we introduce the energy functional J £ : Hj^fJ) — > R defined by 



Uu) 



\Vu\ dx 



p + 1 



2 x 



] p+1 ~ £ dx, 



whose critical points are the solutions to problem (4). Let us define the reduced energy J e : A — > R by 

J e (d,t) = Je(V d ,t + f d , t ) ■ 

Next, we prove that the critical points of J e are the solution to problem (13). 

Proposition 2.3. The function Vd,t + <^d t ^ s a cr ^* ca ^ point of the functional J £ if and only if the point 
(d, t) is a critical point of the function J e . 

Proof. We argue as in Proposition 1 of [3]. 

□ 

The problem is thus reduced to the search for critical points of J e , so it is necessary to compute the 
asymptotic expansion of J £ . 

Proposition 2.4. It holds true that 

X(d,t) = ci + c 2 e + c 3 e log e + e(l + |A|)$(d, t) + o(e), 

C° — uniformly on compact sets of A, where 
(i) in case (6) 

d 

2t. 



$(d,t) :=c 4 



n-2 



+ c^t — cq In d 



(ii) in case (9) 

$(d,t) :=c 4 



2ti 



n-2 



+ 



2t 2 



n-2 



+ 2(d 1 d 2 )^ 



\tl ~ t 2 



n-2 



\tl + t 2 



n-2 



+ C5 (ti +t 2 ) — c 6 (In di + In d 2 ) . 
Here Ci's are constants and C4, C5 and cq are positive. 
Proof. The proof is postponed to Section 3. 



□ 



Proof of Theorem 1.5. It is easy to verify that the function <I> of Proposition 2.4 in both cases has a 
minimum point which is stable under uniform perturbations. Therefore, if e is small enough there exists 
a critical point (d £ ,t e ) of the reduced energy J £ . Finally, the claim follows by Proposition 2.3. 

□ 
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3. Expansion of the reduced energy 

It is standard to prove that 

J E (d,t) = J E (V dtt ) + o(e) 

(see for example [3, 5]). So the problem reduces to estimating the leading term J £ (Vd,t) • We will estimate 
it in case (9) with |A| = 1, because in the other cases its expansion is easier and can be deduced from 
that. Proposition 2.4 will follow from Lemma 3.1, Lemma 3.2 and Lemma 3.3. 
For future reference we define the constants 

;dy, 



71 = 



72=< +1 



73 = a£ +1 



(l + |y| 2 V 
1 



(i + M 2 
i 



(l + M 2 )" -(l + lyia 

For sake of simplicity, we set Ui := Us u ^ and Vi := V^ )J?i . 
Lemma 3.1. It holds true that 



\ 2 



log 



1 



n — 2 
2 



dy. 



\ J |W d)t | 2 dx = 2 7l 



72 £ 



2ti 



n-2 



+ 



d2_ 

2t 2 



n-2 



+ {d 1 d 2 ) 2 



1 



1 



\t 1 -t 2 \ n ~ 2 \ti + t 2 \ n - 2 



+ o{e). 



Proof. We have 

J \VV d)t \ 2 dx= J \VPUi\ 2 dx + J \VPU 2 \ 2 dx-2 J VPU 1 VPU 2 dx 



+ J \VPV 1 \ 2 dx + J \VPV 2 \ 2 dx-2 J VPVxVPV-idx 
n n n 

+ 2 A J ^PUtVPVjdx 

2 I y |VPf/i| 2 dx + y |VPC/ 2 | 2 (ix-2 y VPLAVPC/adxl +o(e), 
\n n n / 



because of the symmetry (see (10) and (11)) and the fact that 

VPUiVPVjdx = O U~^^ 



o(e). 



(14) 
(15) 
(16) 



(17) 
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Let us estimate the first term in (17). The estimate of the second term is similar. We set 
r := min jd(gi,dfl),d(g 2 ,dfl), — - ^ j = min |ti,t 2 , ^ - ^ 

We get 

J \VPUi\ 2 dx = J XJ{PXJ x dx = J U\PU 1 dx + J UfPUtdx. 



n n 
By Lemma A.l we deduce 



B(€i,t) 



j UfPU 1 dx = o((^Y 



n\fl«i,T) 



o(e) 



(18) 



y UfPU l dx= J U{ +l dx+ j Uf {PUx - U x ) dx, 



B(£i,r) 



with 



(e). 



B(€i,t) 

The second term in (19) is estimated in (i) of Lemma 3.4. 
It remains only to estimate the third term in (17). 



(19) 



J VPUiVPU 2 dx = J U{PU 2 dx = j UfPU 2 dx + J U{PU 2 dx. 



We have 



b(6,t) 



0\B(6,t) 



(20) 



( 

= O 



n + 2 n-2 

V V 



V 



n + 2 n — 2 



U(PU 2 dx = O \S 1 2 5 2 2 



\x — \x — £ 



ln-2 



n\B($i,r) 

1 



•\B(0,1) 



|y| n + 2 |y _|_ jn.-2 





/ n+2 n-2 \ 


H 


'•Si 1 V | 







o(e). 



The first term in (20) is estimated in (ii) of Lemma 3.4. 

The claim then follows collecting all the previous estimates and taking into account the choice of <5-s 
and t-s made in (6) and (7). 

□ 
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Lemma 3.2. It holds true that 



— j— r / ^\V d . t \P +1 dx = 2 
p + 1 J \x\ 



1 



-71 



p+1 p+1 



7i e (ti + t 2 ) 



27 2 £ 



Proof. We have 



7 \ n— 2 / j \ n — 2 



ra — 2 
2 



|ii-i 2 | n - 2 |ti+t 2 |' 



n-2 



+ o e 



y fI j fi 

= y (l-PC/i - P[/ 2 + A (PVi - PV 2 ) - - \U 2 \ P+1 - |Vi| p+1 - \V 2 \ P+1 ) dx 

n 

+ / R ^ l|P+1 + w+1 + |Fl|P+1 + '^'^ dx 

= y -L (IPC/! - PC/ 2 + A (PVi - py 2 ) - |t/i| p+1 - |C/ 2 |P +1 - |ViT +1 - |F 2 | P+1 ) dx 
n 

+2 y ^d^p+i+i^ip+i)^, 

n 

because of the symmetry (see (10) and (11)). 

The last two terms in (21) are estimated in (v) of Lemma 3.4. Let r as in (18). 
We split the first integral as 

y ^ (|PC/i -PU 2 + X (PVi - PV 2 ) - |C/i| p+1 - \U 2 \ P+1 - |T4| P+1 - \V 2 \ P+1 ) dx 
n 

I - 

B(-£i,t) B(- 

/ 



■■■+ y ••• + 

B(£i,t) B(£ 2) r) B(-£i,r) B(-f 2 ,r) 



n\(B(ei,r)UB(6,r)UB(-ei,r)UB(-e 2 ,r)) 



By Lemma A.l we deduce 
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/ 

,t)UB(£2 ,r)UB(-6 ,r)UB(-6 ,r)) 
\p\(B(ei,T)UB(&,T)UB(-a,T)UB(-e2,r)) 



o 



0( S l+ 6 -l\=o(s). 



We now estimate the integral over B(£i,t) in (22). 

y (|pc/i - plt 2 + a (PVi - pv 2 ) - |c/i| p+1 - |c/ 2 r +1 - \Vi\ p+l - \V 2 \ P+1 ) dx 



= (p + l) y |^C/f(PC/i -C/i - PC/ 2 + A (PVi -PF 2 ))dx 

B«i,t) 



S(€i,t) B(€i,t) 



= 09+1) / -^£/f (PC/i - C/i) - (p + 1) / T1 UlPU 2 dx + o(e), (23) 

B(€i,t) B(fi,r) 

where p := PC/i — U\ — PU 2 + A (PVi — PV2). Indeed, by Lemma A.l one can easily deduce that 

f ±-Ul(PV 1 -PV 2 )dx, f -L\U 2 \r+ l dx, f -L\Vi\P +1 dx = o(e) 
J \x\ J \x\ J \x\ 



B(£i,r) B(€i,t) B(&,t) 

and also 

P(P + 1) 
2 

B(fi,r) B(6,r) B(£i,t) 



y ^ic/i +^rvdx < c y iz7ii p - i p 2 ^+ y 



<c y C/f" 1 (PC/i - C/1) 2 + c J U[~ l {PU 2 f dx + c J Uf' 1 (PV 1 -PV 2 ) 

B(£i,r) B(£i,t) B(6,r) 

+ C y ipui-u^+c y ic/ 2 i p+i + c y ovir^+i^r 1 )^ 



2 <ix 



B(6,r) B(£i,r) B(6,r) 

= o(e). 

The first term and the second term in (23) are estimated in (iii) and (iv) of Lemma 3.4, respectively. 
Therefore, the claim follows. □ 
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Lemma 3.3. It holds true that 



1 — e J \x\ p + 1 J \x\ 



ip+i 



P + 

n 

+ (1 + |A|) 



7i 7i 



e+ „ U 2 , (In Ji+lnJ 2 ) 



>+l) 2 "(p + 1) (p + 1) 2(p + l) 
Proof. We argue exactly as in Lemma 3.2 of [7]. 
Lemma 3.4. Xe£ r as in (18). ZioWs irue that 
(i) 

n-2 



+ < 



y Uf (PUi - U{) dx = -72 (-^r) + o 



(s) 



(ii) 



(iii) 



(iv) 



(v) 



B«i,t) 



UfPU 2 dx = 72 (<^ 2 )~ 



In - r 2 



n-2 



C7f (PC/i - C7i) cfe = -72 ( ^- ) + o(e) 



In + t 2 



n-2 



n-2 



+ o(e) 



i / r \ n— 2 

i^DTFE/jdi = -72 (^M + *) 



B(€i,t) 



y O t/ i' +lckc = 7i - 7m + o(e). 



Proof. Proof of (i) By Lemma A.l we get 

U{{PUi -U 1 )dx 



Uf ( -a n 5 1 2 H(x,£i) + Rs 1 ,i L ) dx 



B(£i,t) 



"n^i 2 



C/ffl'(a! ) fi)da;+ / UfR Sl> ^dx, 



B(ei,r) 



B(Ci,t) 



with 



B«i,r) 
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By Lemma 3.5 we get 
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n^2 
2 



S(0,r/(5i) 



n + 2 



a 



p+i 



Y 2 [ rr 2 H(6 1 y + ^ 1 ) 

/ + 



5(0^/50 



(i + M 2 ) 2 ^ 



p+1 



n-2 



m-2 



^^ + 0(1) 
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Proof of (ii) By Lemma A.l and Lemma 3.5 we get 



U[PU 2 dx = / Uf[U 2 - a n 8 2 2 H(x, &) + R& 2 , i2 dx 



B(6,r) B(6,-r) 

= oP n +1 {5 1 5 2 )^ 



S(0,r/(5i) 



(l + lyl^^ + l^ + ei-fel 2 )^ 



O: 



£ +1 (<W 



re — 2 
2 



B(0,r/<5i) 



B(0,t/Si) 

= aP+ iJW^_ 

n \Tl-T 2 \ n - 2 



(i + |y| 2 )^ 



(i + |y| 2 )^ 



-H{5 iy + ii,i 2 )dy 



Rs2,^(, s iy + Ci)dy 



m - t 2 



n-2 



n-\-2 

(1 + |2/| 2 )— (5 2 2 + \5 W + ^-a\ 



B(0,t/& 1 



-dy 



(Si6 2 ) 



n-2 
2 



° n |ri+r 2 |»-2 J (1 + 



ri + r 2 



n-2 



n + 2 



B(0,r/<5i) 



+ O (tfjtfa 



n + 2 
n-2 (5 2 2 



p+1 



(<5i<5 2 ) n 2 2 



Ti - r 2 



ln-2 



O 



l n +T2 |n-2 



p+1 



+ 



(W^ 
n-2 



(i + |y| 2 )^ 



dy + o(l) 



(1 + 



+ o(l) 



Proof of (Hi) and (iv) We argue as in the proof of (i) and (ii) using estimates (25) and (26). 
Proof of (v) We have 



JJL U p+ 1 dx= J uf +1 dx+ J uf +1 



dx, 



with 



B(£i,t) 

1 



ur i dx=o[^\, 



5 n i 



n\B(fi,T) 



BUBBLE CONCENTRATION ON SPHERES FOR SUPERCRITICAL ELLIPTIC PROBLEMS 15 

So, we only have to estimate the first term in (24). We split it as 



p+1 dx. 



B(Cl,r) B«i,t) B(6,r) 

We have 



Since £1 = £o(l + r i) and |£o| = 1, by the mean value theorem we get 

1 



l = -T 1 -5 1 (y,Z )+R(y), (25) 



\$iy + n£ + £ol 
where i? satisfies the uniform estimate 

|i?(y)| <c(<S?|j/| 2 + $iti|i/|+7?) for any y €5(0,r/5i). (26) 

Therefore we conclude 



B(£i,r) B(0,r/5i 



a p+1 



(i + \y\ 2 ) n 

J (-T1 - $17-1 (y, Co) + (1 + | y |2)n d ^ = ~ 7lTl + °( T )- 



B(0,t/Sx) 

Collecting all the previous estimates we get the claim. □ 
Lemma 3.5. Let r as in (18). It holds true that 

0) 

(ii) 

/I j I Tl — ~ 2 /* 



m 



(l + M 2 )^- 7(1 + 



1 in-T 2 r- 2 /• 1 

—dy= j , ^ n+2 dy + o[l). 



h) (1 + \y\*)^r (<5| + l^y + Ci - £ 2 | 2 )^ / (1 + |„|2)-i 

Proof. We are going to use Lebesgue's dominated convergence Theorem together with Lemma A. 2 . First 
of all, taking into account that £i = (1 + 7i)£o and £i = (1 — Ti)£o we deduce that 

rr^y + bM } ^ a.e. in R» 

(1 + |y| 2 ) 2 ^ (1 + |y| 2 ) 2 
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and also that 



ff(<% + 6,6) < C 2 TTT7 —^ = C 2 — ; ^ , w _ 2 < C 2 - 2 , 



1 

\hy + 6 - 6| n " 2 ~ ~ L \8iy + 2nCo _ 

since 

1*11/ + 2r£ | > 2ri - > n for any y G B(0,r/$i). 

That proves (i). 

In a similar way, taking into account that £i = (1 + ti)6 and 6 = (1 — 72)6 we get 

(r 2 + n) n - % H{hv + 6, 6)- -> a.e. in K n 

(l + |y| 2 ) 2 (l + |y| 2 ) 2 

and also that 

# (<5iy + 6,6) < c 2 , A — - r— 2 = C2 , A -7 * u , n „ 2 < c 2 ^2 
|<5iz/ + 6-6r I»x2/ -t- {n +T 2 )Co\ n 2 

since 

l^iy + (n + -r 2 )^o| > ri +T2 — \Siy\ > r 2 for any y G B(0,r/5i). 

That proves (ii). 
Finally, we have 



1 \n-r 2 \ n - 2 



(1 + |y| 2 )^ + \ Sl y + 6 - 6| 2 )^ (1 + M 2 )^ 
and also that 

1 1 2"~ 2 
< r < 



a.e. m 



((5 2 + + ^ _ & | 2 )=^ - + a - 6M " |n - r 2 |"- 2 

since 

\6iV + 6 - 61 > 16 - 61 - 1^12/1 > for any y G B(0,r/*i] 

That proves (iii). 

Appendix A. 



□ 



Here we recall some well known facts which are useful to get estimates in Section 3. 
We denote by G(x,y) the Green's function associated to —A with Dirichlet boundary condition and 
H(x, y) its regular part, i.e. 

— A x G(x,y) = 5 y (x) for x G G(x,y) = for x G dCl, 

and 

G(x, y) = 7 n I 1 r— ^ - if (x, y) ) where 7„ 



|x-y|™~ 2 v '"V (n-2)|5"- 1 | 

(IS" 1 " 1 1 = (2W 2 )/ r(n/2) denotes the Lebes gue measure of the (n — l)-dimensional unit sphere). 
The following lemma was proved in [17]. 
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Lemma A.l. It holds true that 



n 2 

PUsjzix) = U SA (x) - a n 5—H(x,0 + O 



( 



dist(f,an) 



» 



for any x € fi. 

Since O is smooth, we can choose small e > such that, for every x £ f2 with dist(x, dfi) < e, there 
is a unique point x v 6 917 satisfying dist(x, <90) = |a; — x v \. For such i £ we define x* = 2x v — x the 
reflection point of x with respect to dfl. 

The following two lemmas are proved in [1]. 

Lemma A. 2. It holds true that 
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for any x € f2 with dist(x, < e. 



REFERENCES 



Anal. 114 (1993) 97-105 



18 



FILOMENA PACELLA AND ANGELA PISTOIA 



[16] S.I. Pohozaev Eigenfunctions of the equation Au + Xf(u) = 0. Soviet Math. Dokl. 6 (1965) 1408-1411 
[17] O. Rey: The role of the Green's function in a nonlinear elliptic equation involving the critical Sobolev exponent. J. Funct. 
Anal. 89 (1990), 1-52. 

[18] B. Ruf, P.N. Srikanth Singularly perturbed elliptic equations with solutions concentrating on a 1 -dimensional orbit. J. 
Eur. Math. Soc. (JEMS) 12 (2010), no. 2, 413-427. 

(Filomena Pacella) Dipartimento di Matematica "G.Castelnuovo", Universita di Roma "La Sapienza", P.le 
Aldo Moro 5, 00185 Roma, Italy 

E-mail address: pacella@mat.uniromal.it 

(Angela Pistoia) Dipartimento SBAI, Universita di Roma "La Sapienza", via Antonio Scarpa 16, 00161 Roma, 
Italy 

E-mail address: pistoia@sbai.uniromal.it 



